Semi-leptonic electroweak interactions in nuclei -such as β decay, µ capture, charged-and neutralcurrent neutrino reactions, and electron scattering -are described by a set of multipole operators carrying definite parity and angular momentum, obtained by projection from the underlying nuclear charge and three-current operators. If these nuclear operators are approximated by their one-body forms and expanded in the nucleon velocity through order | p|/M , where p and M are the nucleon momentum and mass, a set of seven multipole operators is obtained. Nuclear structure calculations are often performed in a basis of Slater determinants formed from harmonic oscillator orbitals, a choice that allows translational invariance to be preserved. Harmonic-oscillator single-particle matrix elements of the multipole operators can be evaluated analytically and expressed in terms of finite polynomials in q 2 , where q is the magnitude of the three-momentum transfer. While results for such matrix elements are available in tabular form, with certain restriction on quantum numbers, the task of determining the analytic form of a response function can still be quite tedious, requiring the folding of the tabulated matrix elements with the nuclear density matrix, and subsequent algebra to evaluate products of operators. Here we provide a Mathematica script for generating these matrix elements, which will allow users to carry out all such calculations by symbolic manipulation. This will eliminate the errors that may accompany hand calculations and speed the calculation of electroweak nuclear cross sections and rates. We illustrate the use of the new script by calculating the cross sections for charged-and neutral-current neutrino scattering in 12 C.
II. ONE-BODY OPERATORS AND THE DENSITY MATRICES
We consider electroweak nuclear multipole operatorsÔ J;T that are one-body, e.g., have the first-quantized form A i=1 O J;T (i), and carry definite parity and angular momentum. This operators, which are formed from the singlenucleon currents and take into account the spatial extent of these currents, can then be evaluated in terms of the one-body density matrix, 
Here (J; T ), (J f ; T f ) and (J i ; T i ) are the angular momentum and isospin of the operator and of the final and initial nuclear states, respectively, |α| = {n α (l α
The sums extend over complete sets of quantum numbers |α| and |β| -which would normally correspond to the single-nucleon basis used in constructing the Slater determinants for the initial and final nuclear states. For a one-body operatorÔ, Eq. (1) is exact and factors the operator physics -embodied in the single-particle matrix elements |α|; 
Here the single-nucleon creation and annihilation operators carrying good angular momentum and isospin are defined by 
where m α and m tα are the single-nucleon magnetic quantum numbers for angular momentum and isospin and α = {|α|m α ; m tα }.
In practice, of course, the density matrix of Eq. (3) is often not calculated from first principles: for the classical nuclear physics problem of bound nucleons interacting via a two-body (or two-plus three-body) potential, the Schrördinger-equation many-body problem may not be tractable. Instead, wave functions are taken from nuclear models, such as the shell model, where model assumptions restrict the single-particle states that can be occupied. An effective interaction, often determined empirically, is employed to account for the effects of the omitted degrees of freedom. This leads to a finite basis of Slater determinants for the many-body problem and thus a Hamiltonian problem that can be solved by direct diagonalization.
To take the example we will use in this paper, consider the case of a 0 ω shell-model calculation for 12 C. That is, the included space consists of all Slater determinants where the 1s shell is fully occupied and eight valence nucleons are distributed in all allowed ways among the twelve single-particle orbitals within the 1p shell. Initial and final nuclear states determined from such a calculation would both carry positive parity. Under this assumption the density matrix for a transition between two such states simplifies, 
where ψ f,i ± JT (1p 3/2 , 1p 1/2 ) are defined in anticipation of the time-reversal properties of the operators we will discuss below. Note that the 1s 1/2 shell only contributes to J=0 and T =0 elastic transitions.
So far the single-particle basis has not been specified: in many cases it can remain unspecified through the calculation of the one-body density matrix. This would be the case in shell-model calculations where matrix elements of the effective interaction are treated as parameters, determined by fitting energy levels, e.g., as Cohen and Kurath [4] did in the 1p shell. Such a shell model calculation would yield specific numerical values for the density matrix elements of Eq. (5). However, when Eq. (1) is invoked to evaluate matrix elements, generally a single-particle basis must be specified.
The harmonic oscillator basis is an attractive choice for this purpose because the single-particle matrix elements for electroweak interactions can be evaluate analytically and have a simple form involving polynomials in the magnitude of the three-momentum transfer to the nucleus. This is very useful for determining the functional form of electroweak response functions. Even if the density matrix is unknown, response functions can be expressed in a form where the density matrix elements are parameters. This allows one to impose experimental constraints on model calculationsto quickly determine what degrees of freedom in the density matrix are already constrained by experiment, so that these can be eliminated, reducing the model dependence in predicting other process. In an example we will discuss later, charged-and neutral-current neutrino reactions in 12 C involving the triad of J π T = 1 + 1, M T = (−1, 0, 1) excited states, the density matrix elements are sharply constrained by results from electron scattering (and gamma decay), β decay, and µ capture [5] . In some truncated model spaces there may be a sufficient number of experimental constraints to determine all of the contributing density matrix elements: this would then free one from dealing with nuclear models.
III. THE BASIC NUCLEAR OPERATORS AND THEIR HARMONIC OSCILLATOR MATRIX ELEMENTS
The semileptonic weak nuclear operatorsÔ JM;T MT of interest in this paper are one-body and can be expressed as a product of space-spin and isospin operators. In first quantization
where the space-spin operator O T J includes an isospin label because it contains couplings, like magnetic moments, that have different strengths depending on the isospin, e.g., the isoscalar magnetic moments is not equal to the isovector magnetic moment. Semileptonic nuclear cross sections and rates can be expressed in terms of nuclear matrix elements reduced in angular momentum
where the arrow in the first line indicates we are ignoring small Coulomb and other charge-independence-breaking terms, so that nuclear states can be labeled as eigenstates of good isospin (a common assumption in nuclear structure calculations). The second line follows from Eq. (1). The one-body space-spin operators O T J governing semileptonic electroweak interactions are derived in standard references [1] by expanding the vector and axial-vector charge and current operators through order | p|/M . They can be expressed in terms of the seven single-particle operators
where q is the magnitude of the three-momentum transferred to the nucleus and [J] ≡ √ 2J + 1. Because of operator time-reversal properties it is helpful to replace Ω by a new operator
The multipole operators in Eqs. (8) are constructed from spherical Bessel functions, spherical harmonics, and vector spherical harmonics [6] 
where
The spherical unit vectors e 1λ are defined by e 1±1 = ∓(e x ±i e y )/ √ 2 and e 10 =e z . The single-particle basis |α = |n α (l α 1/2)j α m α of Eq. (1) has the general coordinate-space form
where ξ 1/2 is the Pauli spinor. The angular and spin portions of the single-particle operator matrix elements can then be performed, leaving only matrix elements between unspecified radial wave functions,
Here the dimensionless coordinate ρ ≡ qx, while the radial matrix elements are defined by
for
To complete the evaluation a specific choice for the single-particle radial wave functions must be made. The harmonic oscillator is an attractive choice, convenient both for nuclear structure structure reasons (for example, in certain model spaces spurious center-of-mass degrees of freedom can be removed exactly) and because the radial matrix elements of Eqs. (15) can be evaluated analytically. The properly normalized radial wave functions are
where z ≡ (x/b) 2 and b is the oscillator size parameter. We employ a notation where the nodal quantum number n = (N − l)/2 + 1, where the principal quantum number N = 0,1,2,... Thus n= 1,2,3... A given harmonic oscillator state can be labeled by n, l, j or, equivalently, N, j: as N determines the parity of the shell, knowledge of N and j uniquely determines l. Our Mathematica script uses N, j to identify single-nucleon states.
The radial integrals appearing in Eqs. (13) can be evaluated analytically for harmonic oscillator states,
where y = (qb/2) 2 . Here 1 F 1 is the confluent hypergeometric function
In the present application α is a nonpositive integer, so that this series is a polynomial of order −α in y.
Thus the single-nucleon harmonic-oscillator matrix elements of the seven basic operators are completely determined in terms of simple functions. One finds
where K = 2 for the normal parity operators M, ∆ ′ , Σ; K = 1 for the abnormal parity operators ∆, Σ ′ , Σ ′′ , Ω (or Ω ′ ). The tabulations of Ref. [2] provide the polynomials p(y) for such matrix elements, with the restrictions described previously. The Mathematica script accompanying this paper generates the full expression in Eq. (21), without restrictions on the quantum numbers and in a form that can be easily manipulated within Mathematica to generate analytical expressions for form factors, rates, etc.
An important property related to the time-reversal properties of these operators is
where λ = j ′ − j for the operators M , ∆, Σ ′ , and Σ ′′ , and λ = j ′ + j for the operators ∆ ′ , Σ, and Ω ′ . The operator Ω ′ of Eq. (9) was defined because Ω lacks such a simple transformation property. This "turn around" property is important because it leads to a dependence of observables of density matrix element combinations such as ψ
IV. RELATIONSHIP WITH SEMILEPTONIC PROCESSES IN NUCLEI
To illustrate the use of the Mathematica script, we will consider various charged-current and neutral-current neutrino reactions from the J π T = 0 + 0 ground state of 12 C:
The first four transitions are isovector, populating the triad of J + T = 1 + 1 states formed by the ground states of 12 N (M T = 1) and 12 B (M T = -1) and the 15.11 MeV (M T = 0) isovector analog state in 12 C. The last two are isoscalar, populating the J + T = 1 + 0 12.7 MeV state in 12 C. The four-momentum transfer for these reactions is defined by
, and k µ are the four-momenta of the initial nucleus, final nucleus, incident neutrino, and scattered lepton (electron/positron or neutrino/antineutrino). The charged-current cross section in the extreme relativistic limit can be written [1] 
where G F cos θ c is the weak coupling constant, θ the angle between the incident neutrino and outgoing electron, q 2 µ = ω 2 − q 2 , and ǫ is the energy of the outgoing electron/positron. The function F (Z, ǫ) corrects the electron phase space for the effects of Coulomb distortion in the field of the daughter nucleus of charge Z. This expression assumes ǫ >> m e and neglects nuclear recoil.
The operatorsM J ,L J ,T el , andT mag are the familiar charge, longitudinal, transverse electric, and transverse magnetic projections of the weak charge-changing hadronic current, 
Multipole projections of this current are taken to exploit the angular momentum and parity quantum labels that are normally carried by the initial and final nuclear states. The multipole operators are defined bŷ
where we have separated the vector and axial-vector (with superscript '5') contributions in Eqs. (27). The operatorŝ M J ,L J ,T are abnormal parity, ∆π = (−1) J+1 . Also note that, for a conserved vector current,L J can be eliminated aŝ
Although contributions from two-body (exchange) currents can be included, more commonly the nuclear charges and currents are modeled as the sum of the one-body contributions from the constituent protons and neutrons. For a single free nucleon one has the following general forms for the matrix elements of the vector and axial-vector isovector currents for charge-changing weak interactions
where we have omitted second-class scalar (which violates conservation of the vector current) and axial-tensor couplings. [Our notation in this paper follows Bjorken and Drell [7] , including gamma matrices, metric, and current definitions, with the exception of the definition of the form factors, which follows that of Ref. [1] .] A standard non relativistic reduction of the matrix elements through order 1/M N , in which momenta are interpreted as gradients operating within the nucleus, leads to expressions for the multipole operators of Eqs. (27) in terms of the seven basic single-particle operators defined in Eqs. (8):
where M N is the nucleon mass and A are available; the momentum dependence of the pseudoscalar form factor F (1) P is found to be
assuming pion-pole dominance and the Goldberger-Treiman relationship [1] . The isospin raising/lowering operator τ ± is related to the spherical projections of isospin Pauli operator τ 1m by 
where we have used
The remaining spin-spatial matrix element can then be evaluated with the Mathematica program, by virtue of Eq. (30). As discussed early, we truncate the density matrix to the 1p shell and assume a harmonic oscillator basis, but otherwise keep the elements of the density matrix arbitrary: In the next section we will describe how the Mathematica code can be used to provide the needed matrix element, once this truncation has been made. The result is an analytic expression for the cross section that encompasses any shell-model calculation restricted in this way,
where it is understood that all single-nucleon couplings are described by form factors, e.g., F
(1)
A (q 2 µ ). In this expression we used the short-hand notation for the density matrix of ψ 2jα 2j
(|α|, |β|), etc. That is, the final and initial nuclear state labels f, i are suppressed, as are the J, T of the transition, since these quantum numbers are uniquely determined for the transition (J = 1, T = 1). 
The reduction in isospin between nuclear states (compare Eq. (34) 
Thus there is an overall factor of 1/2 in the cross section due to isospin, relative to charged-current result in 12 C. Finally, the cross section for neutral-current scattering of neutrinos off nuclei can be obtained from Eq. (24) by replacing ǫ with ǫ ν , the energy of the scattered neutrino, and by removing F (Z, ǫ) and cos 2 θ c . It follows dσ dΩ
where, of course, both the Coulomb correction and effects of the Cabibbo angle have been removed.
Neutral current scattering to the 1 + 0 12.7 MeV state 12 C: The transition to the 1 + 0 12.7 MeV state is generated by the isoscalar neutral current which, according to Eq. (37), involves
That is, the isoscalar neutral current is purely vector which, for example in 12 C, thus limiting the contributing multipoles toT 
It follows that the cross section is dσ dΩ
The isoscalar vector couplings are functions of q 2 µ , with F
1 (0) = 1 and µ (0) (0) = 0.88.
V. REDUCED MATRIX ELEMENT FUNCTIONS IN MATHEMATICA
The Mathematica package SevenOperators has been developed and made available online [8] to replace and extend the tabulated results of Ref. [2] . The main motivation for this package is to make calculations of semileptonic electroweak cross sections and decay rates far less tedious: users can couple it to cross section and rate formulas, explore various truncations of the density matrix, determine density-matrix constraints imposed by known rates or cross sections, etc. Such closed-form expressions previously would have required tedious hand calculations. The SevenOperators package has been cross-checked against Ref. [2] , including the production and posting [8] of tables in the form of Ref. [2] .
In this section we give a basic description of SevenOperators, and provide useful technical notes. As an example of usage, we also show its application to the calculation of the 12 C transitions, which were illustrated in the previous sections.
The package is available in two forms. The first is a notebook version (7operators.nb) that was developed on Mathematica 5.2. The second is a modular version (package.tar.gz) suitable for use with both the graphical and text-based versions of Mathematica. It consists in a .tar.gz archive containing a master file (7o master file.m) and several input files, with self-explanatory names, each of them properly commented. The whole package is run by simply running the master file.
SevenOperators returns seven functions, which give the reduced matrix elements of the seven basic operators between single-particle states, in the form of Eq. (21). The functions have the variables y, N ′ , j ′ , N, j, J as arguments, and their Mathematica syntax is given in Tables I and II for normal and abnormal parity operators respectively. [8] . For reference, next to each function we give the reduced matrix element evaluated in Seven Operators (see Eqs. (8)). Note that the labels N and j fully specify the standard space-spin nonmagnetic quantum numbers for a harmonic oscillator, n(l 1/2)j.
Mathematica function
Reduced matrix element
Notice that Mathematica has built in functions for the Wigner 3j and 6j symbols. For the practical reason of avoiding warning messages in the output, we explicitly imposed that a 3j symbol is put to zero when the conditions for its existence are not satisfied, while the built-in function is used otherwise. A similar procedure was used for 6j symbols.
There is no built-in function for the Wigner 9j symbols in Mathematica, therefore we had to build one, using the definition:
The code implements an explicit check of the conditions to have non-zero reduced matrix elements: (i) parity conservation, (ii) that the nodal numbers n and n ′ are positive: n > 0, n ′ > 0, and (iii) that j, j ′ , J satisfy the triangular inequality. Only if all three conditions are satisfied, the code proceeds with the evaluation of the function describing the reduced matrix element, otherwise the function is put to zero.
In Appendix A we include the text of a Mathematica notebook (also available online [8] . (36) . Although we do a specific example, the discussion here points out those steps where a user must supply information to modify this script for other possible transitions and reactions.
First, we upload the package that computes the single-particle reduced space-spin matrix elements of the seven basic operators. The package must be placed in a directory searched by Mathematica, which one can determine with the command $Path. Ë We input the onebody density matrix, which here is defined as the set of coefficients relating manybody matrix elements reduced in angular momentum and isospin to single nucleon matrix elements reduced in angular momentum and isospin. In this example calculation we truncate the density matrix expansion to the 1 p shell, so that there are four independent density matrix elements. We denote these as y 81,1< , y 81,3< , y 83,1< , and y 83,3< , and we use below the relation y 83,1< = I y + + y -M ë 2 and y 81,3< = Iy
where y + and y -are the symmetric and antisymmetric combinations introduced in the paper because of operator time reversal properties. Because the transition being considered in this example picks out the J and T of the transition, it is sufficient to label the density matrix as y 82 j ' ,2 j < . Thus 9y 82 j ' ,2 j < , 8N ' , j ' <, 8N, j <= gives the density matrix element and the SevenOperators calling arguments. The y 82 j ' ,2 j < enter symbolically , but could easily be replaced by numerical values. We have defined the density matrix in terms of doubly reduced to doubly reduced matrix elements Hwhich assumes good isospin labelsL, but our charged current cross section formulae Heither Eq. H33L or the general case Eq. H24LL involve manybody matrix elements that are not reduced in isospin. Thus we can define a new density matrix that relates singly reduced manybody matrix elements to doubly reduced manybody matrix elements. The user in general will have to insert the proper Wigner Eckart 3 J symbol here, as it depends on the isospins of the initial and final states and the isospin of the transition Hwhich could be isoscalar for electromagnetic or weak neutral current interactionsL. Our example has T f = M T f = 1, T = M T = 1, and
which we then fold into the density matrix. Ë Using the package and the formulae in Eq. H30L, we calculate the space -spin matrix elements of the operators M 5 , L 5 , T el5 , T mag . As the density matrix in this example connects the manybody matrix elements to doubly reduced single nucleon matrix elements, the user has to multiply the package results for the seven basic operators by the appropriate single nucleon reduced isospin matrix element. Now for the charged current neutrino reaction under consideration, the isospin operator is t + = Ht 1 +t 2 L ê 2 = -t 1,M T =+1 ë 2 , where t 1,M T =+1 denotes the M T = +1 component of the isospin spherical tensor operator Hsee the paper , if additional explanation is neededL. We have already used the Wigner Eckart theorem to remove magnetic isospin quantum numbers. As < 1 ê 2 »» t 1 »» 1 ê 2 > = 6 , we see that the single nucleon isospin factor is -3 , which we insert by hand below. Users will need to supply analogous factors, depending on the process Hcharged current weak , neutral current weak , electromagneticL being considered. The cross section is printed. 
